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Abstract. The nonlinear optical features of surface plasmon resonance (SPR) wave propagating along the 
metallic interface (SPR-mode) of a nanoslit array are presented. The SPR resonance wavelength is decided 
by the nanoslit period (P) and the refractive index (RI) of the sensing medium (n). Approximate analytic 
formulas and fit equations are derived and compared with the exact numerical results. The real part of gold 
dielectric function is fit to a quadratic equation which covers wider range of the SPR resonance wavelength 
(600-4000 nm) than the prior linear fit (600-1000 nm). A nonlinear fit RI sensitivity (M) is found to 
be 7 46M P . n= +  which is much more accurate than the first order approximation, M=P. The figure of merit 
defined by the ratio of M and the spectrum broadening is also calculated and showing an optimal period.  
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1   Introduction 

The extraordinary transmission of a TM wave in nanoslits has been observed, in which there are two types of 
resonance waves: the surface plasmon resonance (SPR) wave propagating along the metallic interface (SPR-
mode) and the gap resonance wave inside the nanoslit cavity (cavity mode) [1–15]. Comparing to the nanoholes 
array with a cutoff frequency limitation [9], nanoslits provide not only higher sensitivity but also much wider 
resonance spectrum [8]. This paper will focus on the SPR mode and the nonlinear feature of its resonance wave-
length and the associate refractive index (RI) sensitivity as a function of the period and sensing medium RI. 
Approximate analytic formulas and fit equations will be derived and compare with the exact numerical results. 
The figure of merit defined by the ratio of the sensitivity and the spectrum broadening is also calculated showing 
an optimal slit period. Finally the role of silica layer (coated on top of the gold metallic array) is studied by an 
effective refractive index. The measured data of the sensitivity and further resonance wavelength red-shift due to 
the silica film are analyzed. The explicit formulas presented in this article provide useful guidance for SPR mode 
in gold nanoslit, particularly for the nonlinear features which have not been explored experimentally or theoreti-
cally. 

2   Theory 

The device to be analyzed is shown in Fig. 1, where the nanoslits array is defined by the period P, grooves width 
d, and metal (gold) height h. On top of the gold nanoarray, silica layer with a thickness t is coated. In general, 
there are two types of resonances: the surface plasmon resonance on the gold-silica-medium interface (SPR-
mode) and the gap-resonance inside the slit (cavity-mode). The cavity-mode is characterized by the effective 
refractive index inside the slit (Neff), the width (d) and height (h) of the slits, the period (P) and the resonance 
wavelength ( λ ), given by the phase matching condition [12.13]. 
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4

h ( q )
Neff
λ π φ φ

π
= + +                (1) 

where q = 1, 2, … is the mode number and jφ (j = 1, 2) are the phase shift at the top and bottom interface. Due to 

the complex nonlinear behavior of Neff and the phase-shift factor, the resonance wavelength condition of Eq. (1) 
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would need numerical simulations which will be presented elsewhere. This paper will focus on the nonlinear 
features of the SPR modes and the influence of the silica coating. 

 
Fig. 1. Schematic of a nanoslits array defined by the period P, grooves width d, and metal (gold) height h. On 

top of the gold array, silica layer with a thickness t is coated. 

2.1 Exact Formulas for SPR-mode 

We will first study the case that there is no silica film or the silica film thickness is much smaller than that of 
gold; therefore the RI of the silica plays no roles. An effective RI will be introduced later to include the influ-
ence of the silica film. The SPR-mode of the gold-only nanoslits has a resonance wavelength given by the reso-
nance condition [1,12,13]. 

21

nP
n / ( )

λ
ε λ

=
+

                   (2) 

where n is the refractive index (RI) of the sensing medium, and ( )ε λ is the real part of gold dielectric function, 
reported by Johnson and Christy, which may be fit to a linear [16,17], for short wavelength range (600-1000 nm) 
or nonlinear equation (for all range) as follows,  

33 0 071( ) .ε λ λ= −               (3.a) 
212 5 0 02 0 0000333( ) . . .ε λ λ λ= − −                           (3.b) 

Eq. (2) is highly nonlinear due to the wavelength-dependence of ( )ε λ and cannot be solved analytically for the P 
and n dependence of the resonance wavelength. Therefore a converted formula is derived from Eq. (2)  

2

1
nP ( / n )
( )

λ
ε λ

= +                  (4) 

which gives the explicit form of P as function of the resonance wavelength and medium RI (n). Above equation 
allows us to plot P versus λ  for a given n = 1.0 (in air) or 1.33 (in water). The 90-degree angle rotated-axis plot 
gives us λ versus P, which may be fit to an analytic express of λ  as function of P and n (to see shown later). 
Another useful explicit formula is also derived from Eq. (2) as follows: 

2

1
( / P )n

P ( )
λ λ

ε λ
= −                     (5) 

Similar to the case for λ  versus P, one may plot the rotated-axis showing λ  versus n, and its slope give us the 
sensitivity function defined by M d dnλ= at a given P. 

2.2 Approximate Formulas 

Analytic expression for the resonance wavelength given by Eq. (2) may be derived by the using the first-order 
approximation λ  = n P in Eq. (3) 33 05 0 071. . ( nP )ε ≈ −  to obtain 

14 08
1

1 465

. n( nP )
P[ /( nP )]

λ ≈ +
−

                (6) 

Therefore the approximate sensitivity function M d dnλ=  is given by 

 
3274

14 08M P . n
P

≈ + +                 (7) 
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which shows that the nonlinear term of Eq. (6) results its slope function (M) depending on the sensing medium 
RI (n) and the period (P). Therefore Eq. (6) and (7) are better approximation than the first-order relation of M = 
P which is independent to n. 

3  Results and discussion 

3.1 Application Wavelength Range  

As shown in Fig. 2, the linear fit of Eq. (3.a) for the real part of gold dielectric function is only good for short 
wavelength range of 600-1200 nm and suffers huge errors for long wavelength (>1500 nm). For biosensor 
nanoarray applications with typical range of P = (600 – 900) nm and the associate resonance wavelength of (in 
water medium) in the near infrared 800-1,200 nm, either linear or nonlinear fit equation may be used. However, 
for other photonic applications such as telecommunication, wave guided resonator and grating filer using micro-
array with period P > 1.5 microns the nonlinear fit equation is required. 

 

 
Fig. 2. Real parts of gold dielectric function as function of wavelength. Dashed curve is based on the linear fit 

Eq. (3.a) and solid curve is the nonlinear fit Eq. (3.b). 

3.2 Exact versus Approximate Calculations  

Fig. 3 shows the period P is an increasing function of the resonance wavelength based on the exact expression of 
Eq. (4). It also shows that for a given P, the resonance wavelength is red-shifted when the sensing medium RI 
increases. To include the P dependence of the resonance wavelength, we obtain the alternative equation fit to 
both Fig. 3. as follows: 

215 31 10 17 18099( P,n ) ( P . )n . n / Pλ = − + +             (8.a) 
and the slope function 

15 31 20 34M P . . n= − +               (8.b) 
We note that the above numerically-fit equations Eq (10) is more accurate than the analytic approximate Eq. 

(6) and (7). The P dependence of M is plot in Figure 6 showing that the nonlinear-fit Eq. (8) matches very well 
with the exact curve but the first order approximation given by M = P is undervalued 14.9 nm/RUI in water 
medium. Our calculated exact resonance wavelength 825 nm (for P = 600 nm in water medium) is close to the 
measured value 807 nm of Lee et al [15] and our calculated sensitivity, based on Eq. (9), M = 615.4 nm/RIU, is 
about 10% lower than their measured data 689 nm/RIU. 

3.3 The Figure of Merit  

The figure of merit (FOM) of the nanoslit sensor is defined by the ratio of the RI sensitivity (M) and the full-
width-at half maximum (FWHM) of the gold spectrum broadening. Using the FWHM of solid-gold nanoparti-
cles, shown by Figure 4 and M shown by Eq. (9), we show the FOM=M/FWHM in Figure 5 as a function of P. 
It should be noted that an optimal P is around 500 nm, or the associate resonance wavelength of (700-750) nm 
depending on the RI of the sensing medium given by an approximated fit equation λ = (P + 3.73n) n. 
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Fig. 3. Nanoslit period P as a function of the SPR mode resonance wavelength at various medium refractive 

indexes (n) based on the exact numerical solution of Eq. (4).  
 

 
Fig. 4.  Full-width-at-half maximum (FWHM) of nanogold spectrum broadening versus period (P) for various 

sensing medium RI (n). 
 

 
Fig. 5. Figure of merit (FOM) of the nanoslit sensor defined by M/FWHM associate to Fig. 4 [13]. 
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4  Conclusion 

We have showed that the real part of gold dielectric function fit to a quadratic equation covers wider range of 
the SPR resonance wavelength (600-4000 nm) than the prior linear fit (600-1000 nm). A nonlinear fit RI sensi-
tivity (M) is also more accurate than the first order approximation, M=P, and showing the P and n dependence. 
The figure of merit defined by the ratio of M/FWHM shows an optimal period about P = 500 nm. Finally, the 
roles of silica layer thickness may be calculated from an effective refractive index and a reduced thickness. The 
measured data of the sensitivity and further resonance wavelength red-shift due to the silica film are consistent 
with our calculations. The explicit formulas presented in this article provide useful guidance for SPR mode in 
gold nanoslit, particularly for the nonlinear features which have not been explored experimentally or theoretical-
ly. 
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