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Abstract. Mesh deformation, as an interactive shape editing and deformation technology, has 

important value in geometric modeling and computer animation. In recent years, detail-

preserving mesh deformation techniques have been receiving much attention, such as as-rigid-

as-possible (ARAP) deformation. The ARAP method shows good performance in detail 

preservation by requiring rigidity of the local transformations of the mesh, but the alternative 

iterations in the optimization process needed to keep rigidity is often computationally expensive, 

resulting in the failure of real time mesh editing and animation when it comes to high-resolution 

meshes. In this paper, we propose a novel way to acquire the coarse version of the detailed high-

resolution mesh by constructing bi-harmonic surface on it. We implement a multi-resolution 

deformation framework based on the bi-harmonic surface construction and ARAP deformation. 

In this way, we allow the optimization process in ARAP method to run on a coarse version of 

the detailed mesh in order to speed up convergence. In the same time, the details of original 

mesh are preserved well and can be easily restored. The experiment results show that the 

proposed method is feasible and effective, and most importantly, the real-time performance has 

been greatly improved. 

Keywords: ARAP, Bi-harmonic surface, mesh deformation, shape deformation, surface editing  

1 Introduction 

As an interactive geometry editing technique, mesh deformation, also known as surface deformation, 

plays an important role in geometric modeling, computer animation, and artistic design. Taking 3D 

animation as an example, in order to animate a 3D mesh, modelers typically use a mesh deformation tool 

to create new poses and a shape interpolation tool to generate the frames between these different poses. 

The linear blending skin (LBS) [1-3] method has been the most popular and practical animation 

technique. It needs to bind a specific skeleton according to the mesh shape, which limits the deformation 

to articulated motion, and results in a low quality deformation in terms of local shape preservation near 

joints. In order to achieve intuitive free-form deformation, many alternatives to LBS have been proposed. 

The most intuitive deformation method allows the user to manipulate handle points, and the rest of the 

mesh points are automatically deformed in a natural way. However, the LBS algorithm and its 

alternatives used in skeleton based deformation can not satisfy the editing requirements of high-

resolution mesh models. So that surface-based mesh deformation methods have become more attractive 
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in recent years. These methods include differential coordinates based surface deformation methods, 

multi-resolution deformation methods, local transformation based surface deformation method and so on. 

In this paper, we focus on a kind of method called As-Rigid-As-Possible (ARAP) deformation. 

The ARAP method [4-7] is a mesh deformation technique based on minimizing the so-called As-

Rigid-As-Possible (ARAP) energy under particular user constraints, asking for the rigidity of the local 

transformations to preserve the shape of the mesh surface locally. In other words, small parts of the mesh 

surface should change as rigidly as possible. However, this method usually have large calculating 

quantity, and it is hard to produce real-time animation by implementing ARAP methods on some large 

and detailed meshes. Our method proposed in this paper can improve the real-time performance of ARAP 

method, making it possible to apply the ARAP deformation method to high-resolution mesh models to 

acquire real-time animations. At the same time, our method keeps the deformation quality during the 

animation when we improve the deformation rate. 

In this paper, we propose a deformation framework to improve the performance of the ARAP 

deformation method and enables real-time animation production. We implement a deformation 

framework (Section 3.4) consisting of three main operators: the decomposition operator, realized by 

constructing bi-harmonic surface (Section 3.3), which separates the low and high frequencies; the 

deformation operator, mainly referring to ARAP deformation method (Section 3.2), used to deform the 

base surface (low frequencies part); and the reconstruction operator, which adds the details back onto the 

deformed base surface. In this way, we let the iterative optimization of ARAP method to run on a coarse 

version (Bi-harmonic surface) of the original mesh, accelerating the convergence of the iterative process. 

In the experiment, we use different mesh models to test our method and the results show that the 

calculation speed has been greatly improved compared to the original ARAP method. Our method, 

termed bi-harmonic surface based ARAP (BS-ARAP) mesh deformation, enables real-time animation 

even with large meshes. However, in the comparison between the ARAP method and BS-ARAP method, 

we have not strictly taken animation quality into consideration. Actually, there is not a standard 

evaluation criteria for the deformation quality during an animation. 

The rest of the paper is organized as follows. In Section 2, different kinds of surface based deformation 

methods are introduced, some of which are referenced in our method. In Section 3, we firstly introduce 

the mathematical foundation of surface based methods. Then ARAP deformation method and bi-

harmonic surface based deformation method are introduced in Section 3.2 and Section 3.3, respectively. 

Our deformation framework is mainly based on these two methods. Finally, our deformation framework 

is introduced in Section 3.4 and we give the details about the reason why our deformation method can 

improve the real-time performance of ARAP method in Section 3.5. In Section 4, we are going to show 

experimental results. First of all, in Section 4.1, we show that original ARAP deformation method can be 

applied to low-resolution models to acquire real-time animation, but can not acquire real-time animation 

when applied to high-resolution mesh models. Then, we show the final results of our BS-ARAP method 

in Section 4.2 and make comparison with other methods in Section 4.3. In Section 5, we will summarize 

our results and make some conclusions. 

2 Related Work 

Since our application is a pure 3D mesh-based animation, we will review some related research methods 

in shape deformation, especially in mesh-based shape deformation. Modern mesh based shape 

deformation methods satisfy user deformation constraints at handles (selected vertices or regions on the 

mesh) and propagate these handle deformations to the rest of shape smoothly and without removing or 

distorting mesh details. 

2.1 Shell Energy Based Mesh Deformation  

Shell energy based deformation theory is the mathematical foundation for surface deformation (see 

Section 3.1 for details), which was already proposed in 1987 by Terzopoulos D [8]. The shell energy is 

used to measure the stretching and bending degree of the deformation, and is minimized to get the 

optimal deformation. To solve the energy minimization problem, the shell energy is simplified based on 

the displacement function [9-10]. Handle based interactive mesh deformation method proposed by 

Botsch et al. [11] divided the surface into handle region, fixed region and transition region, thus the 
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energy minimization problem is transformed into a problem of solving a sparse linear system by applying 

the discrete Laplace-Beltrami operator. 

2.2 Multi-resolution Deformation 

Shell energy based deformation method can not handle rotation problems with geometric details of the 

mesh surface. The main idea of multi-resolution deformations is to consider the surface S  as a 

“geometric signal”. By decomposing the surface S  into low frequency parts, a smooth base surface B , 

and high frequency parts, the geometric detail D , the smooth base surface B is deformed first, and then 

the geometric detail D of the high frequency is added back onto the deformed base surface B′ . Thus, we 

can acquire an intuitively deformed surface with geometric details better reserved. There are different 

methods to represent geometric details: displacement vector methods [12], normal vector displacement 

methods [13, 15], volume displacement methods [16] and deformation transmission methods [17-18]. 

In the displacement vector method [12], the geometric details are represented as a displacement 

function 3
:h B R→ of the base surface, and the displacement vector h  rotates with the rotation of the 

deformed base surface B′ so that the surface details can be preserved well. In order to reduce the 

unsteady deformation caused by the long displacement vector, methods in reference [13-14] resample the 

original mesh and take the displacement between the sampling points and the vertices of the base mesh as 

geometric details. Moreover, to avoid self-intersection problems, the geometric details were represented 

by triangular prisms formed by triangles of mesh surface S  and corresponding triangles on the base 

surface B  [16]. And methods in [17-18] got a similar result with [16] by transferring the deformation of 

the base surface B  to the detailed mesh S . 

2.3 Differential Coordinates-based Surface Deformation 

Geometric details are expressed by local differential coordinates in differential coordinates based surface 

deformation technique. Under the condition of satisfying the user constraints, the method tries to keep the 

geometric details of surface by maintain the differential coordinates as much as possible during the 

deformation. However, the differential coordinates defined in the global coordinate system are not 

rotation invariant, only to maintain the differential coordinates of the mesh will produce a distorted mesh. 

In order to better approximate the differential coordinates of the deformed mesh, researchers have carried 

out a lot of fruitful research work. 

The gradient-based mesh deformation method is derived from gradient-based image process 

techniques. Grads-based mesh deformation [19] reduces the problem of surface deformation to the 

Poisson problem satisfying the Dirichlet boundary condition. Since the direction of the gradient depends 

on the global coordinate system and the gradient is not a rigid invariant, solving the above gradient-based 

deformation directly based on position constraints can not produce satisfactory results. In reference [20], 

linear interpolation was applied to the transformation of deformation region based on the handle’s 

transformation. And then, the gradient was updated based on the interpolation to solve the above Poisson 

equation. 

Laplacian-based approaches represent the geometric detail of the surface by the so-called Laplacian 

coordinates [21-22], which have the ability to describe the mean curvature and normal vector of the 

vertex. These coordinates are obtained by applying the Laplacian operator to the mesh vertices. The 

uniform Laplacian coordinate of a mesh vertex is expressed as the difference between the vertex 

coordinate and the mean coordinate of its adjacent point. Similar with the gradient-based deformation, 

Laplacian coordinates are not rotation invariant, so much of the research work about Laplacian 

deformation is focused on how to better approximate the unknown Laplacian coordinates, in particular, to 

deal with the rotation of the Laplacian coordinate [23-24].  

2.4 Local Transformation Based Surface Deformation 

Reuse existing mesh deformation data, can effectively improve the production efficiency of mesh 

deformation and reduce animation production costs. Deformation transmission reuses existing mesh 

deformations by transferring the deformation on the source mesh model to the target mesh model. In 

reference [25], “expression cloning” based on vertex displacement vectors is proposed to transfer facial 
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expression changes of one face model to another face model, and Sumner et al. [18] extended it to the 

general surface mesh deformation transfer. Furthermore, Sumner et al. [26] proposed an example-based 

inverse mesh kinematics method and applied it to handle-based mesh deformations based on the idea of 

local deformation transformation to represent deformation details. And in reference [27], a simplified 

deformed mesh based on bone agent is used to improve the efficiency of the algorithm, so that the 

deformation operation of the algorithm can be carried out interactively. 

3 BS-ARAP Surface Deformation 

3.1 Mathematical Foundations of Surface Deformation 

Surface deformation aims to acquire a new intuitively reasonable surface under some user’s editing 

constraints, from the mathematical point of view, it is to define a displacement function between the 

surfaces before and after the deformation. And the most typical and direct constraint of mesh deformation 

is the position constraint, that is, the user selects some specific points on the surface as the deformation 

handle. By specifying the new position of those handle points, the surface S  is to be deformed to S ′ (Let 

us denote by 3
S R⊂  a 3D surface, parameterized by a position function 2 3

:p R S RΩ⊂ → ⊂ ). In other 

words, the surface S  is to be deformed to S ′  by adding to each point ( , )p u v S⊂  a displacement vector 

( , )d u v , such that ( ) { ( ) | }S p p d p p S′ ′= Ω = + ∈ . Handle points on the new surface have to satisfy these 

position constraints: ( ) ,
i i i

d p d p H= ∀ ∈ , the H  means handle regions. 

Intuitively, the surface can be regarded as an elastic skin, so we analyse the classical elastic energy that 

measures the difference between two surfaces, also known as shell energy [8]: 

 

2 2

( , )
shell s b

E S S k I I k II II dudv

Ω

′ ′ ′= − + −∫ , (1) 

where I , II  is respectively the first and second fundamental form of the surface S  and similarly I ′ , II ′  

are the fundamental forms of the surface S ′ . It is known from differential geometry [28] that the former 

part 
2

s
k I I′ −  and latter part 

2

b
k II II′ −  are used to measure the stretching and bending degree of the 

deformation respectively. The stiffness parameters 
s
k  and 

b
k  are used to control the resistance to 

stretching and bending. To acquire the optimal mesh deformation, we should minimize the shell energy 

(1) under user’s position constraints. We can see that the energy is minimized when S ′  is a rigid 

transformation of the S . However, local rigidity of the deformed surface S ′  cannot hold completely in 

any non-trivial surface deformation scenario. Therefore, the shell energy (1) can not reach zero, but rather 

has a minimum value and this minimum is attained when the local transformations between S  and S ′  

are as-rigid-as-possible which means the shape of surface is locally preserved. 

3.2 As-Rigid-As-Possible Deformation 

In the context of above energy-minimization approaches, the problem stems from comparing mesh 

positions in the same coordinate frame of the original undeformed shape, without considering the local 

rotations. However, these quadratic energies (formula (1)) are often not rotation invariant. Non-linear 

deformation techniques present a solution to these problems. They work by comparing the deformation of 

a mesh vertex to its rest position rotated to a new coordinate frame which best matches the deformation. 

These techniques [4, 6-7] are often labeled “as-rigid-as-possible”. 

We start our discussion of ARAP methods with surface discretization. In the latter experiments, all 

models used are represented by the triangle mesh (Fig. 1(a)). 

Given a surface mesh M  with n  vertices: { } { },  1,2, ,
i
v i n∈ … , we denote by 

i
Cell  the space polygon 

formed by one-ring neighbors [29] of vertex i , made up of several adjacent triangles (Fig. 1(b)). And we 

analyze the rigidity of the deformation by taking cell as unit. Let us consider the following energy 

formulation [5] which is used to evaluate the rigidity of cell deformation: 
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(a) Model representation by triangle 

mesh 

(b) One-ring neighbors of vertex i  

are the set of vertices connected to 

vertex i , and they form a space 

polygon called cell 

(c) Overlaps of cells 

Fig. 1. The cells of three vertices are drawn with different colors, the corresponding vertex is colored 

accordingly 

 

2

( , ) ( )

( , ) ( ) ( )
m n i

i i mn m n i m n

v v e v

E Cell Cell w v v R v v

∈

′ ′ ′= − − −∑ , (2) 

where: 

‧ ( )
i

e v  consists of the set of edges incident to 
i
v  (the spokes, i.e. red lines in Fig. 2) and the set of edges 

in the link (the rims, i.e. dark lines in Fig. 2) of 
i
v  in the mesh surface M ; 

‧ 
i

R  is a rotation matrix, { }1
,

i n
R R R∈ … , each vertex or cell has a corresponding 

i
R ; 

‧ 
ij

w  denotes a weight, we usually use the cotangent weight formula for 
ij

w [30-31]; 

 

Fig. 2. If the position of 
i

Cell  and 
i

Cell′  are known, the rotation matrix 
i

R  is uniquely defined by 

minimizing the ARAP energy of two cells 

If the deformation 
i i

Cell Cell′→  is rigid, then there exists a rotation matrix 
i

R  making ( , )
i i

E Cell Cell′  

to be zero. However, the deformation is always not rigid, but we can still find an as-rigid-as-possible 

deformation by minimizing the energy shown as formula (2) in a weighted least squares sense. And the 

rigidity of a deformation of the whole mesh is to sum up over the deviations from rigidity per cell, then 

we obtain the following energy function: 

 

2

1 1 ( , ) ( )

( , ) ( , ) ( ) ( )
m n i

n n

ARAP i i mn m n i m n

i i v v e v

E M M E Cell Cell w v v R v v

= = ∈

′ ′ ′ ′= = − − −∑ ∑ ∑ . (3) 

The intuitive idea behind this energy function is to allow each cell to have an individual rotation which 

minimize the energy shown as formula (2), and at the same time to prevent shearing by taking advantage 

of the overlapping of cells (Fig. 1(c)). 

In the deformation tasks, we need to solve for positions v′of M ′  that minimize energy (3) under some 

user-defined constraints. As we can see from the energy formula (3), we can interpret ( , )
ARAP

E M M ′  as a 

function of v′ and { }
i

R {1,2, }i n∈ …  to enable a simple iterative optimization [4] as follows: 

 

( , )
0ARAP

E M M

v

′∂
=

′∂
, (4) 
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 argmin ( , )
i

i ARAP

R

R E M M ′= . (5) 

Formulae (4) and Formulae (5) show the global position optimization process and local rotation 

estimation optimization process, respectively. If the rotations { }
i

R are held fixed then the energy is 

quadratic in the remaining variable v′ , in order to compute optimal vertex positions from given rotations, 

the gradients of ( , )
ARAP

E M M ′  with respect to the vertex positions v′  are computed shown as equation 

(4). Alternatively, if v′ are held fixed then each rotation in { }
i

R  is the solution to a localized Procrustes 

problem (found via singular value decomposition (SVD) or polar decomposition [4]) by solving the 

equation (5). The above two steps each weakly decrease the energy, thus the iteration can be safely 

implemented until convergence (the energy is below a certain threshold or iteration times is reached). 

However, in the local step of optimization as shown in Formulae (5), every rotation in { }
i

R  is attained by 

the singular value decomposition (SVD) method, which is a time-consuming operation. The resulting 

computational complexity is prohibitive for large meshes, and leads to failure of real-time mesh 

animation production with the whole mesh (see the experiment results in Section 4). So, we introduced 

the bi-harmonic surface based deformation methods to enable the quick convergence of the above local 

optimization step and realize the real-time editing and animation of the whole mesh with our proposed 

BS-ARAP deformation method. 

3.3 Bi-harmonic Surface and Bi-harmonic Displacements 

To better understand the proposed deformation framework of BS-ARAP (introduced in Section 3.4), we 

first introduce the definition of bi-harmonic surface. 

A bi-harmonic surface is a smooth polynomial surface which conforms to the bi-harmonic equation. In 

order to generate a bi-harmonic surface, boundary conditions are usually required. In mathematics, the 

bi-harmonic equation is a fourth-order partial differential equation. So we casually define bi-harmonic 

surfaces as surfaces whose position functions are bi-harmonic equation with some initial 

parameterization: 

 

4 2
0 or 0X X∇ = Δ = , (6) 

and subject to some handle constraints, in mathematics called boundary conditions: 

 
b bc

X X= , (7) 

where X  is the unknown 3D position of a point on the surface. So we are asking that the bi-Laplacian of 

each of spatial coordinate function to be zero. To solve the bi-harmonic equation (6), we can get a smooth 

surface that interpolates the handle constraints, but all details on original surface mesh will be smoothed 

away and the original surface can not be reproduced giving all handles the identity deformation (keeping 

them at their rest positions). 

To realize the “rest pose reproduction”, which means the shape should remain unchanged as long as 

there is no deformation applied to the handles, we consider working with displacements d  rather than 

directly with position X . Similarly, the d  is obtained by solving the bi-harmonic functions: 

 

4 2
0 or 0d d∇ = Δ = , (8) 

subject to the same handle constraints: 

 
b bc b

d X X= − . (9) 

Finally, we add the d  to the original surface M  to get a bi-harmonic deformation surface M ′ . 

3.4 Our Deformation Framework: BS-ARAP Deformation 

To solve the computational complexity problem in the local step of optimization with ARAP method, we 

introduced a hierarchy to create a real-time surface mesh deformation framework based on ARAP 

deformation and bi-harmonic surface construction, called bi-harmonic surface based ARAP (BS-ARAP) 

method. The flow chart of BS-ARAP method is shown as Fig. 3. 
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Fig. 3. Flow chart of proposed BS-ARAP deformation framework 

In the Fig. 3, Mesh_Original represents the original mesh model to be deformed; Firstly, some regions 

of the Mesh_Original are selected by users to be handles (formula (7)), and the rest of the mesh 

(Mesh_Ori_free), called as free regions, is smoothed away by differential calculation (formula (6)), then 

we get the bi-harmonic surface of Mesh_Original, i.e. Mesh_Bi-harmonic. At the same time, the details 

of Mesh_Original are acquired by computing the difference between Mesh_Original and Mesh_Bi-

harmonic. Secondly, the Mesh_handles are edited by users and the Mesh_Bih_free (the smooth version of 

Mesh_Ori_free) is deformed by ARAP method automatically, resulting in the deformed bi-harmonic 

surface Mesh_Bi-harmonic_Deformation. Finally, the details of Mesh_Original are added back to the 

Mesh_Bi-harmonic_Deformation to get the final BS-ARAP deformation result, i.e. Mesh_Ori_ 

Deformation. 

In order to explain our deformation framework more intuitively, some experimental results are 

presented in advance (Fig. 4). 

Geometric Details:

D
ec
o
m
p
o
si
ti
o
n

Original Mesh

Biharmonic Surface

ARAP 
Deformation

BS-ARAP method

R
e
c
o
n
s
tru

c
tio

n

Deformed Mesh

Deformed 
Biharmonic Surface

 

Fig. 4. Experimental results of BS-ARAP deformation framework (Taking a head model for example) 

Here we take a head model to realize our deformation framework. The original head mesh model M  

is represented by two colors: golden and blue. Comparing the initial input M  and final output M ′ , the 

blue regions (nose, chin, neck and back of the head) are known as handles and manipulated by users, the 

golden parts are free and deformed by the implementation of BS-ARAP method. Specific steps are as 

follows: Firstly, handle regions are selected on original mesh M  (formula (7)) to acquire a bi-harmonic 

surface B  by solving equation (6), B represents the low frequency part of the original mesh M  

considered as a “geometric” signal. The detailed information of the original mesh can be simply acquired 

by vector subtraction: D M B= −  (the connection of the mesh stay the same). Then we can use ARAP 

method to deform the bi-harmonic surface B  (actually just the free golden parts) by controlling the 

movement of user handles (here we let the vertexes of nose parts move forward and the vertexes of the 

lower jaw parts move down). Because of the smoothness of bi-harmonic surface B , the “shape 
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matching” problem between B  and B′  shown as Fig. 2 and formula (5) is easy to solve, leading to the 

acceleration of convergence speed. And the operation time for final step of BS-ARAP, adding details 

back onto B′  (simple matrix addition operation), can be ignored. In this way, the speed of the whole BS-

ARAP method is greatly improved. 

3.5 Easier Shape Matching with Bi-harmonic Surface 

In this part, we intuitively show that the introduction of bi-harmonic surface can improve the 

optimization process of ARAP deformation method. The optimization process (formula (4) and formula 

(5)) of ARAP can be described as a ‘shape matching’ problem, aiming to minimize the ‘shape distance’ 

shown as formula (3). Here we use a head model (Fig. 5) to show the deformation results. We edit the 

blue handles of the model, and the free golden parts are deformed by ARAP method. The number of 

iteration is set to be 1 to make the difference between the cell deformation of original model and coarse 

model more obvious. As we can see from Fig. 5(a) and Fig. 5(b), the distortion degree of coarse model 

cell (marked by green lines) is smaller than original model cell, which means the ( , )
ARAP

E M M ′  (formula 

(3)) of coarse model is also smaller, resulting the faster convergence rate of iterations process shown as 

formula (4) and formula (5). 

  

(a) For detailed model, cell distortion degree is relatively 

bigger and shape matching needs more iterations 

(b) For coarse model, cell distortion degree is 

smaller and shape matching needs less iterations 

Fig. 5. Intuitive ARAP deformation results with only one iteration 

We can also consider shape matching problem as curvature matching problem. To understand that we 

have to expand the formula (4): 

2

( , ) ( )

2 2 2

,
( ) ( ) , ( )

( , )
( ( ) ( ) )

( ( ) ( ) ( ) ( ) ( ) ( ) )

2 [( )

m n i

m i n i n m i

n m n m

ARAP

mn m n i m n

v v e v
i i

in i n i i n mi m i i m i mn m n i m n

v v v v v v v
i

v N i v N i v v N i

in i n

E M M
w v v R v v

v v

w v v R v v w v v R v v w v v R v v

v

w v v

∈

= = ≠

∈ ∈ ∈

′∂ ∂
′ ′= − − −

′ ′∂ ∂

∂
′ ′ ′ ′ ′ ′= − − − + − − − + − − −

′∂

′ ′= −

∑

∑ ∑ ∑

( ) ( )

( )

( )] 2 [( ) ( )]

1
4 [( ) ( )( )]

2

0,

m i n i

n m

n

i i n mi m i i m i

v v v v

v N i v N i

mn m n m n m n

m i

v N m

R v v w v v R v v

w v v R R v v

= =

∈ ∈

=

∈

′ ′− − + − − − −

′ ′= − − + −

=

∑ ∑

∑

 (10) 

where, ( )N i  represents the one-ring neighbors [31] of vertex i , and 1,2,...,i n= . Finally, we arrive at the 

following equation: 
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( ) ( )

( ) ( )( )   1,2, ,
2

n n

mn

mn m n m n m n

m i m i

v N m v N m

w
w v v R R v v i n

= =

∈ ∈

′ ′− = + − =∑ ∑ … . (11) 

From [4], we can know that the left-hand side of formula (11) is non-other than the discrete Laplace-

Beltrami operator [31] applied to v′ . The Laplace-Beltrami, like the Laplacian, is the divergence of the 

gradient: 2
v v v′ ′ ′Δ = ∇ =∇ ⋅∇ . The right-hand side of formula (11) can be expressed as a function of 

i
R : ( )

i
f R . Then the formula (11) can be compactly written as: 

 ( )
i

v f R′Δ = . (12) 

From another aspect, we know that applying the Laplace-Beltrami operator to the surface positions is 

one way to extract mean curvature 
i

H  [31]: 

 
i

v H′−Δ = . (13) 

So we can re-express the optimization process (formula (4) and formula (5)) as following: 

 ( )
i i

v f R H′Δ = = − , (14) 

 argmin ( , )
i

i M M

R

R D H H
′

= . (15) 

Formula (14) shows that global position optimization can be also understood as curvature optimization, 

aiming to minimize the difference between the mean curvature of mesh M  and M ′  shown as formula 

(15), where 
M

H  and 
M

H
′

represent the mean curvature. Then the “shape matching” problem can be 

converted to ‘curvature matching’ problem. 

From the Fig. 5, we can see that the coarse model based on bi-harmonic surface has a smoother 

curvature variation against the original model with details, which makes the curvature matching problem 

easier to solve, and accelerates the convergence speed of iteration shown as formula (14) and formula 

(15). 

4 Experiments and Results 

We have implemented the BS-ARAP deformation technique using C++ based on the IGL library 

(LIBIGL) on a laptop with: Linux system, 2.5GHz i7-4710HQ CPU, 8GB of memory. LIBIGL is an 

open source C++ library for geometry processing research and development and a simple header-only 

library of encapsulated functions. Our experiments are based on this library. 

4.1 ARAP Deformation Results 

Firstly, we apply ARAP deformation method to a coarse model with only 502 vertices and 1000 faces, 

called Decimated-Knight (Fig. 6). Three parts of this mesh model (left foot, right foot and the top of head) 

are selected as handle regions. As we can see from the model shown as Fig. 6, the blue parts are handles 

controlled by users and golden parts are free regions deformed by ARAP method automatically. We let 

handles move along a fixed circular path, and the free regions are deformed accordingly, leading to a 

smooth animation running at 17.6 FPS. In order to show the results, we output the animation frames 

every second ( 0,1,2,3,4t s= ) and compute general frame numbers according to the frame rate acquired 

from the experiments. So, this is a successful example of ARAP deformation for real-time animation. 

However, when we use models with more vertices and faces to be deformed by ARAP method, the 

results are disappointing. The Cheburashka model (Fig. 7 upper) has 6669 vertices and 13334 faces, its 

feet and hands parts are selected to be handles (blue color) and moved by us, then the free parts (golden 

color) are deformed by ARAP method, but the simulation runs at a very low frame rate. Running from 

the first frame (rest pose) to the second frame spends about 1.93 second (the first move needs some 

initialization work leading to additional cost), then the animation runs at a steady rate 1.36 FPS. The 

Armadillo model (Fig. 7 lower) has 43243 vertices and 86482 faces, and its first move from the first 

frame to second frame spends 9.46 second, and later the simulation runs at 0.26 FPS. Although we only 
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move the feet handles (keep other handles still) of Armadillo model, the animation frame rate is still very low. 

t=0s,  f:1th t=1s, f:18th t=2s, f:35
th

t=3s, f:53
th

t=4s, f:70th

 

Fig. 6. The animation runs at 17.6 FPS; The leftmost picture (t=0s, f:1th) shows the first frame (rest pose) 

of the model animation at 0 second (simulation not started); Animation frames are also given when 

simulation time reaches at 1th,2th,3th,4th second from the beginning and the frame number are computed 

and denoted by f 

f:1th, t=0s f:2th, t=1.93s f:3th, t=2.66s f:4th, t=3.40s f:5th, t=4.13s

f:1th, t=0s f:2th, t=9.46s f:3th, t=13.31s f:4th, t=17.15s f:5th, t=20.95s
 

Fig. 7. The animation of Cheburashka model (upper) runs at 1.36 FPS (starts from the second frame) and 

Armadillo model (lower) runs at 0.26 FPS; The first five animation frames are shown and the 

corresponding simulation time is also given. (These are two failure examples of ARAP deformation 

method because that the two models have much more vertices than the previous model named 

Decimated-Knight in Fig. 6) 

4.2 BS-ARAP Deformation Results 

To speed up the deformation, we introduce the bi-harmonic surface to improve the ARAP deformation 

method, called BS-ARAP. We use different models to test BS-ARAP method, the results show great 

improvement in simulation speed. 

We take the Armadillo model for example to show the steps and results of BS-ARAP deformation 

framework (we have already shown one example in Fig. 4). Firstly, in order to construct the bi-harmonic 

surface for Armadillo model, handles need to be selected. Fig. 8 shows the different resulting bi-

harmonic surface with different handle count, we get a best result when twelve handle regions are 

selected (palms, feet, face, ears, tail, thigh and shoulder), shown as Fig. 8(d). So Fig. 8(d) is the final bi-

harmonic surface (also known as base surface B ) of the original Armadillo model denoted by M  shown 

as Fig. 8(a). And the geometric details are represented as a displacement function :h B M→  of the base 

surface. Then we use ARAP method to deform the coarse version of Armadillo, i.e. base surface B , and 

the simulation runs at 9.3 FPS shown as upper Fig. 9. At the same time, the displacement vector h  rotates 

with the rotation of the deformed base surface B′  so that the surface details can be preserved well, 

shown as lower Fig. 9, which are obtained simply by adding h  back to B′ . 
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(a) is the original mesh 

model 

(b) is the constructed bi-

harmonic surface by 

selecting 5 handle 

regions on (a): palms, 

feet, face, ears and tail 

(c) is constructed BS by 

adding thigh handle 

regions based on (b) 

(d) is the final best result 

by adding shoulder 

handle regions based on 

(c) 

Fig. 8. Bi-harmonic surface construction of Armadillo model 

t=0s, f:1th t=1s; f:10th t=2s, f:19th t=3s, f:28th t=4s, f:38th t=5s, f:47th
 

Fig. 9. The animation frames of BS-ARAP deformation results with Armadillo model (lower) and its bi-

harmonic surface version (upper). The animation runs at 9.3 FPS, and several frames are output at 

t=1,2,3,4,5s with corresponding frame numbers (for example, ‘t=1s, f:10th’ means the animation frame at 

first second, which is the 10th frame of the animation) 

Compared with the simulation with the ARAP deformation method with a 0.26 FPS rate (as for the 

Armadillo model), the simulation of BS-ARAP method runs at 9.3 FPS, obtaining a 35.8×  speedup. We 

also used other models to test the BS-ARAP deformation method, their results are shown as Table 1. In 

the programming, a triangle mesh model with N  vertices and M  faces is represented by a position 

matrix ( 3N × ) and connection matrix ( 3M × ). During the deformation, the model’s connection matrix 

remains unchanged and only the position matrix continues to change, so completing a position matrix’s 

calculation means a new animation frame is obtained. When different models are deformed, we record 

the average time for computing a position matrix which is denoted by SPF, meaning the computation 

time per frame in seconds. And we obtain the animation frame rate by computing the reciprocal of SPF. 

In the experiments, we set the maximum frame rate to 30 FPS. From the results shown as Table 1, we get 

a least 10×  speedup, which proves the the feasibility and effectiveness of the improved BS-ARAP 

deformation method. 

4.3 Real-time Performance of BS-ARAP Method 

In this part, I would like to analyze the real-time performance improvement of our method in comparison 

to other deformation methods.  
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Table 1. Comparison of each frame’s computation time between ARAP and BS-ARAP methods with 

different models 

SPF FPS 
Models Vertices faces 

ARAP BS-ARAP ARAP BS-ARAP 
Speedup 

Decimated-Knight.off 502 1000 0.0568s 0.0056s 17.6 ≥  30 10.1×  

Cheburashka.off 6669 13334 0.733s 0.0284s 1.36 ≥  30 25.8×  

Bunny.obj 34813 69630 3.207s 0.0987s 0.31 10.1 32.5×  

Armadillo.obj 43243 86482 3.830s 0.108s 0.26 9.3 35.8×  

Tyra.obj 100002 200000 10.224s 0.261s 0.097 3.8 39.2×  

 

Firstly, as we can see from the experimental results in Table 1, our deformation method (BS-ARAP) 

shows great improvement in deformation rate compared with original ARAP method. As we have 

described in sections 3.4 and 3.5, it is because constructing bi-harmonic surface of original mesh surface 

helps to speedup the ARAP optimization process, which is proved by the results in figure 10. We use 

“decimated-max” model (5272 vertices and 10540 faces) in our experiment. The steps of our experiments 

are as follows: 

Step 1. Read mesh model files M  D_select handles of model M   

Step 2. Compute the bi-harmonic surface of M  according to the selected handles and denote it by 
bs

M . 

Step 3. Compute Laplacian coordinates of each vertex in mesh  and 
bs

M . Then edit handles of M  and 

bs
M .  

Step 4. Propagate the manipulation of handles to the whole mesh by fitting the Laplacian coordinates to 

the original Laplacians in rest poses acquired in step3. Then we obtain deformed model M ′  and bi-

harmonic surface 
bs

M ′ . 

Step 5. Compute the ( , )
ARAP

E M M ′  and ( , )
ARAP bs bs

E M M ′  according to formula (3). The ARAP energy is 

normalized to a 0~1 scale.  

Step 6. Implement the optimization process (formula (4) and (5)) until the ARAP energy is below the 

specified threshold, and record the number of iterations ( N ). 

From the figure 10, we can see that when we allow the optimization process to run on a coarse version 

of model, i.e. bi-harmonic surface of original model (part (b) in figure 10), the iteration times decrease a 

lot, leading to the great improvement on computation speed. 

(a) Original mesh editing in ARAP method

(b) Biharmonic mesh editing in BS-ARAP method

7 iterations

2 iterations

 

Fig. 10. The number of iterations in optimization process of ARAP and BS-ARAP method 

Secondly, we conduct more experiments to compare BS-ARAP method with other deformation 

methods. We still use the Armadillo model with 43243 vertices and 86482 faces. The results are shown 

in Fig. 11. Our method still shows better real-time animation performance compared with fast automatic 

skinning transformations method (Fig. 11(b)) and fast subspace method (Fig. 11(c)) without considering 

the deformation quality during the animation. Actually, it is difficult to find an objective way to assess 

the deformation quality during an animation. In most cases, the quality of animation is evaluated by 

human vision. As for our deformation method, as can be seen from Fig. 11, we can still acquire 
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intuitively reasonable deformation results when we improve the real-time performance. 

   

(a) Animation of Armadillo model 

deformed by BS-ARAP deformation 

method, running at 9.3 FPS 

(b) Fast automatic skinning 

transformations method. The 

simulation runs at 8.7 FPS 

(c) Fast subspace method 

Fig. 11. The simulation at 6.0 FPS 

5 Conclusions and Future Work 

The important features of our approach are: (1) fast convergence speed, resulting from the introduced 

hierarchies based on bi-harmonic surface; (2) details preservation, as we use the APAR deformation 

method to deform the base surface and details are independently represented by the displacement vector. 

We introduced a new ARAP-type animation technique that is based on a new BS-ARAP deformation 

framework. Our technique makes up for the biggest shortcoming in the popular ARAP methodology. It 

allows the detailed mesh model to be smoothed away by constructing bi-harmonic surfaces, which 

accelerates the iterative process of local optimization in ARAP method. And the details expressed by the 

displacement vector are added back to the deformed bi-harmonic surfaces to achieve intuitive detail 

preservation. We demonstrated the effectiveness of our method (BS-ARAP) in the application of mesh 

animation, which is superior in computation speed to prior ARAP [5] or SR-ARAP [6] method. 

Work continues to find more ways to speed up the ARAP method. For example, we can vary rigidity 

across the surface, paying more attention to the rigidity of interested regions. Furthermore, we can reduce 

the degrees of freedom to better reflect the frequency of the desired deformations. As for the BS-ARAP 

methods we improved in this paper, collision detection can be implemented to avoid self-intersections in 

the animation, enhancing the animation authenticity. Moreover, as we have mentioned in the introduction 

part, we have not compared the deformation quality in terms of detail preservation between the ARAP 

method and BS-ARAP method, so it can also be the next research topic. 
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