Journal of Computers Vol. 30 No. 3, 2019, pp. 192-204
doi:10.3966/199115992019063003014

Efficient and Rational Multi-criteria Group Decision Makmg
Method Based on Vague Set Theory

Kuo-Sui Lin

Department of Information Information Management, Aletheia University, Taiwan
au4234@mail.au.edu.tw

Received 5 April 2018; Revised 10 October 2018; Accepted 18 November 2018

Abstract. There is a need for an efficient and rational multi-criteria group decision making
(MCGDM) method to handle situations, in which decision makers from different domains or
interested parties are involved in the vague and uncertain decision making processes. Thus, the
research purpose of the study was to propose a vague set based MCGDM, which is easily
understandable and simple computation to group decision members for handling vague and
uncertain decision making processes. The MCGDM method is considered to be an umbrella
under which a collective vague value solicitation and aggregation method as well as a numerical
transformation method are included. Following the algorithm described in the proposed
MCGDM method, an efficient polling method can contribute to soliciting group importance
vague values and group performance vague values of alternatives. Besides, the solicited
importance and performance vague values were aggregated by using a weighted aggregation
function. Furthermore, a new score function can contribute to transform the aggregated vague
values into comparable numerical scores for further decision making. Finally, a numerical case
study was also conducted to demonstrate that the proposed MCGDM method is efficient and
rational to solicit and aggregate vague values as well as to transform aggregated vague values
into comparable numerical scores for decision making.

Keywords: multiple-criteria group decision making, polling method, score function, vague set
theory

1 Introduction

1.1 Background and Literature Review

Fuzzy sets (FSs) are used to introduce fuzziness by eliminating the abrupt and unambiguous boundaries
dividing members from non-members of one specific object. In a fuzzy set, each object is assigned a
single value in the interval [0, 1] reflecting its grade of membership. In recent years, fuzzy sets have been
applied to a variety of multi-criteria decision making (MCDM) methods under fuzzy environment [11, 21,
28]. However, the single point-based membership value of fuzzy set tells us nothing about its accuracy.
From the point of view of real-world practice, it is not sufficiently adequate to assign precisely a single
membership value from the interval [0, 1] to each element x without the loss of information. As a
generalization of fuzzy sets, Atanassov [12, 23] introduced the concept of the intuitionistic fuzzy sets
(IFSs) in 1983 and Gau and Buehrer [26] introduced the notion of vague sets (VSs) in 1993. Bustince and
Burillo [7] showed that IFSs and VSs are equivalent.

By using interval-based membership, instead of using point-based membership in a fuzzy set, a vague
set (or intuitionistic fuzzy set) has more powerful ability to process vague and uncertain information for
multi-criteria decision making problems than the fuzzy set has. Vague set based multi-criteria decision
making problems have been originally addressed in [22]. Since then, the vague set or the intuitionistic
fuzzy set has been used for building methods to handle multiple criteria decision making problems [3, 6,
10, 16-17, 24-25].

Most of these methods are constructed to support the works of individual decision making problems.
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Nevertheless, individual decision making appears to be insufficient, inappropriate or unsuitable in
complicated situations, in which expertise from different domains or interested parties need to be taken
into consideration during decision making. That is to say that multi-criteria group decision making
(MCGDM) is more impartial than individual decision making. MCGDM often involves group decision
makers’ judgments and preferences, including importance weightings of criteria and performance ratings
of alternatives. These weightings and ratings are vague and subjective in nature. However, to the author’s
knowledge, a comprehensive MCGDM method which includes collective vague value solicitation,
aggregation and numerical transformation method for decision making is still lacking in the literature.

1.2 Research Objectives and Contribution

Based on the above analysis, the research purpose of the study was to propose a vague set based
MCGDM, which is easily understandable and simple computation to group decision members for
handling vague and uncertain decision making processes. Following the algorithm described in the
proposed MCGDM method, the objectives of the proposed MCGDM method will contribute to soliciting
group importance vague values and group performance vague values of alternatives. Moreover, the
solicited vague values will be aggregated and rationally transformed into comparable numerical scores
for further decision making. More specifically, the results of this study may contribute to solving the
following research questions:

(1) To propose an algorithm of the proposed MCGDM method to group decision members. This
algorithm is easily understandable and simple computation under vague and uncertain environment.

(2) To solicit group importance vague values and group performance vague values of alternatives.

(3) To aggregate the group importance vague values and group performance vague values into
integrated vague values of alternatives.

(4) To transform the aggregated vague values into comparable numerical scores for further decision
making.

1.3 Structure of the Research

The remaining parts of this paper are structured as follows. Section 2 briefly reviews some basic concepts
and definitions of MCGDM and vague set theory. In Section 3, a new polling method for vague value
solicitation is introduced. In Section 4, a new score function for vague value transformation is proposed.
In Section 5, a new vague set based MCGDM method is proposed for soliciting and aggregating group
vague values and transforming aggregated vague values into comparable numerical scores for decision
making. In Section 6, following the algorithm described in the proposed MCGDM method, a numerical
case study is conducted and the results are analyzed and discussed. Finally, conclusions are drawn in
Section 7.

2 Preliminaries

2.1 Multi-Criteria Group Decision Making

Multi-criteria group decision making (MCGDM) involves in evaluating a set of decision alternatives with
respect to multiple, often conflicting criteria for selecting the most appropriate alternative in a given
situation with multiple decision makers’ judgments and preferences [23]. Consider a MCGDM problem
with m alternatives 4; (i=1,...,m), n independent criteria C;(j=1.,...,n) and a committee (panel) of p decision
makers Dy (k=1,...,p). Let r/‘,»j be the performance rating of alternative 4; when it is examined by the k-th
decision maker in terms of criterion C;. The individual decision matrix (Table 1) shows the evaluation of
each decision maker Dy for all the alternatives 4; (i = 1,...,m) with respect to the criteria C; (j = 1,...,n).
The multi-criteria group decision-making problem can be formulated and expressed by a set of individual
decision matrix, which includes a set of individual rating matrix: Rk,-j: (r]‘,»j)mxn(k =1,...,p) and a weighting
vector of the criterion: W={w;}(j=1,...,n). The rating values of decision matrices can be represented in
many forms such as crisp values, vague values or intuitionistic fuzzy values [5-6, 24], linguistic terms [2,
20], fuzzy numbers [19, 30] and intuitionistic fuzzy numbers [9, 13, 18]. Subsequently, the individual
decision matrix is weighted and aggregated into a group decision matrix R; = (;).~, . Hence, the decision
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making group can use the group decision rating matrix to compare alternatives with respect to multiple
criteria of different levels of importance.

Table 1. Individual decision matrix

C C, C,
w w; ; w,
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2.2 Vague Set Theory

The intuitionistic fuzzy set (IFS) on a universe X was introduced by Atanassov [12-13] as a
generalization of fuzzy set introduced by Zadeh in 1965 [19]. An intuitionistic fuzzy set 4 in X is an
object having the form A={<x, 14(x), vA(x)>|xeX}, which is characterized by a membership function
(true membership function) z44 and a non-membership function (false membership function) v,, where the
function z: X—[0, 1] and vy(x): X—[0, 1] define the degree of membership and degree of non-
membership of the element xe.X to the set 4, respectively. For every xe X : 0 < z14(x) + v4(x) <1, the value
7a(x) =1—p4(x)—v4(x) can be determined, called the hesitation margin (hesitancy degree, intuitionistic
fuzzy index, degree of uncertainty) of the element xeX to the IFS 4 and 7,(x)e[0,1], V xeX. Later, in
[26] Gau and Buehrer proposed the concept of vague set, where the grade of membership is bounded to a
subinterval [z4(x), 1—f4(x)] of [0, 1]. Burillo and Bustince [7] proved that the notion of vague sets
coincides with that of intuitionistic fuzzy sets. The interval [7,(x), 1—f4(x)] is called the vague value of x
in 4. Relevant definition and operations of vague sets introduced in [4, 8, 26] are briefly reviewed as
follows.

Definition 1: vague sets. A vague set 4 in the universe of discourse X is characterized by a truth
membership function, #,; X— [0, 1], and a false membership function, f;: X— [0, 1], where #4(x) is a
lower bound of the grade of membership of x derived from the “evidence for x”, and f4(x) is a lower
bound on the negation of x derived from the “evidence against x”, and 0< #,4(x) + f4(x) <1. The grade of
membership of x in the vague set is bounded to a subinterval [#,(x), 1—f4(x)] of [0, 1]. The interval [#4(x),
1—f4(x)] is called the vague value of x in 4.

The vague value [#4(x), 1—f4(x)] indicates that the exact grade of membership z,(x) of x may be
unknown, but is bounded by #4(x) < my(x) < 1—f4(x), where #4(x) + f4(x) <1. This interval can be
interpreted as an extension to the fuzzy membership function. The precision of uncertainty about x is
characterized by the difference between 1—f4(x) and #4(x), i.e., 1=f4(x) —t4(x). The value of m,(x) =
1=f4(x)—t4(x) expresses a hesitation degree of whether x belongs to A or not. If this value is small, the
knowledge about x is relatively precise; if this value is large the knowledge about x is little. If z4(x) is
equal to 1—f4(x), there is no hesitation and the vague set theory reduces to the fuzzy set theory.

Definition 2: union of two vague sets. The union of two vague sets 4 and B, with respective truth-
membership and false-membership functions #4(x), f4(x), t3(x) and f3(x), is a vague set C, written as C =
AvB, whose truth-membership and false-membership functions are related to those of 4 and B by: 7(x) =
max(1,(x), £5(x)), 1-/c(x) = max(1=7(x), 1/3(x)) = I-min(£,(x), f3(x)), for all xeX.

Definition 3: intersection of two vague sets. The intersection of two vague sets 4 and B, with respective
truth-membership and false-membership functions #4(x), f4(x), #3(x) and f3(x), is a vague set C, written as
C =AAB, whose truth-membership and false-membership functions are related to those of 4 and B by:

tc(x) = min(z4(x), tp(x)), 1—fc(x) = min(1—f4(x), 1-75(x)) =1—-max (f4(x), f3(x)), for all xeX.

194



Journal of Computers Vol. 30 No. 3, 2019

3 Polling Method for Vague Value Solicitation

An easily understandable and computationally simple way to generate a group decision is to utilize a
polling method to solicit participants’ responses. In the case of Yes-No head count polling method, the
answer set to a question has only two possible responses, which is usually expressed as A= {Yes, No}, or
A={True, False}. A Yes-No head count polling method can be viewed as a pure probability model. It is
the same as a Yes-No experiment. For each element x;, let N'(x;) be the number of electorates that voted
for, M(x;) be the number of electorates that voted against. Let us consider the ratio

1(x;) = N'(x;) / (N'(x;)+N(x;)), for all .

Similarly to probabilities, this ratio belongs to the interval [0, 1]. If every electorate considers all the
elements possible, then z(x;) =1 for all i. The values z(x;) for all i are called degrees of possibility, and
the function x4 which maps each element x; into the corresponding degree s«(x;) is called a truth
membership function of a fuzzy set. For instance, p(x;) = 0.7 interprets that 70% of a given population
vote for that “the performance on the criterion is good” and 30% of the population vote against that “the
performance on the criterion is good”.

However, group decision makers’ judgments and preferences are imprecise, subjective and
complicated in nature. The binomial or dichotomous response to the above question is not sufficient to
catch the vagueness of human judgement. In that case, the answer set to the above question will include
three elements which are usually expressed as 4 ={Yes, Abstention, No}, or 4 ={True, Uncertainty,
False}. An “Abstention” vote to the question is another way of resolution for a respondent who is
reluctant or difficult to reply “Yes” or “No” response. Thus, vague sets are used in this study for tackling
imprecise, subjective and complicated decision making problems. Based on vague set theory, in [14-15]
the author proposed a polling method for respondents to simultaneously reflect their intensities of support,
hesitation and opposition of the evaluations or judgments about some specific events. The author’s vague
set based polling method also used by Huang et al. in their case study on implementations of information
security risk assessment to chlorine processing systems of water treatment plants [1]. The proposed
vague set based polling method allows group decision makers to solicit vague values for fine tuning of
group judgments and preferences. The procedure of the polling method for soliciting vague values can be
depicted as follows:

Step 1: proposing a fuzzy question. Suppose X={xi, x,,..., X,,} is a set of subject, or any element of the
domain X. A survey respondent (or decision maker) Dy of a panel D={Dy;}, k=1,..., p, is asked to express
his preference strength of resolution using a 100-point scale by reply the following fuzzy proposition P:

P: x;is A, where x; is the subject and 4 is a predicate that characterizes the subject x;.

For example in the fuzzy proposition P: The performance on the criterion is good. “The performance on
the criterion” is the subject and “is good” is the predicate. Thus, the evaluation result given by the
decision maker k on a set of » criteria C; (j =1,..., n) form a vector M= (mi, May,..., Mmy), where each
m;<[0,100] is the allocated marks by the decision maker £ to the criterion C;.

Step 2: inducing response from respondent. The response to the posed-question is represented by
allocating 100 points (marks) to different votes, e.g., True-Abstention-False votes, or Yes-Hesitation-No
votes. The allocated points on a specific vote reflect the degree of intensity that the subject would like to
assert the proposition with respect to the vote. If all the 100 points are allocated on one specific vote, say,
100/True, then the reply to the question is “definitely true”. This step can also be repeated in consecutive
rounds until acceptable level of consensus amongst respondents has been reached.

Step 3: recording and calculating the responses from respondent group. The allocated points on
different votes from respondent group (decision making group) can be recoded and calculated as follows:
Step 4: translating the calculated result into vague value. Interpreted by the vague set theory, the
strength of preference can be reflected and the corresponding values of membership and non-membership
functions are obtained based on questionnaire completed by all members of the respondent group. Thus,
membership function of the solicited vague value are defined as
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Response (allocated point)

Respondent Yos No Hositation Given points
#1 34 42 24 100
#2 50 15 35 100
#3 45 35 20 100
1 1 1 1 1
#10 50 28 22 100
Total Point 725 145 130 1000

ta(x;) = N'(xi)/(N'(x;) + N'(x)) + N(xy),
fa(xi) = N'(x;)/(N'(x;) + N'(x;) + N(x5)),

where #,(x;) is the truth-membership function and f4(x,) is the false-membership function for x;; N'(x,) is
the total number of points allocated on “Yes” vote for x;; WY (x;) is the total number of points allocated on
“No” vote for x;,

The uncertainty in a vague set is represented by the difference 1—f,(x,)—24(x;). Thus, N"(x;) is the total
number of points allocated on “Indeterminacy” vote for x;. In addition to the truth-membership function
t4(x;) and the false-membership function f(x;), the author further defines a hesitation-membership
function 7z4(x;) for reflecting the equivocal area of decision making,

1A (%) = NN (o) N () +NT(x),

where 7,4(x;) is the hesitation membership function for x;.

According to the calculated result, the degree of belief that the “The Taste is Good” is 0.725, i.e., #4(x,)
= (.725; the degree of disbelief that “The Taste is Good” is 0.145, i.e., fi(x;) =0.145; the degree of
uncertainly that “The Taste is good” is 0.13, i.e., a4(x;) =0.13. By using vague set theory, the vague value
can be obtained as [#4(x;), 1—f4(x;)] = [£4(x), *4(x;)] = [0.725, 0.855]. Since more than two options are
counted, respondents are more than willing to reveal more details about strength of preference of their
resolutions with respect to “Yes”, “No” or “Abstention” responses. The proposed vague set based polling
method provides an easily understandable and computationally simple soft scale with continuously-
valued logic to allow fine tuning of group responses.

4 New Score Function for Vague Value Transformation

The score function was first proposed by Chen and Tan [22] to measure a vague value for multi-criteria
fuzzy decision making. It is a most widely used score function (or net membership) based on the
membership function and non-membership function: S; = #,—f;, where A is a vague value. Let 4= [t4,
1-£4)] and B =[t4(x;), 1-f4] be two vague values. It intuitively expressed that if S,>Szthen 4 should be
greater (better) than B. Several famous research works on score functions for vague value transformation
have been developed to rank vague values or intuitionistic fuzzy values [4, 27, 29]. However, these score
functions do not capture sufficient information about vague values of alternatives because they only
consider the truth membership degree and the false membership degree, but do not account for the
hesitation degree. It is therefore important to develop a new score function which is rational to provide a
new option to capture decision makers’ preferences, considering not only the truth membership degree
and the false membership degree but also the hesitation degree.

As shown in Fig. 1, the author presented a new 3D representation for visualizing the vague set 4 in the
universe of discourse X, A={(x, [t4(x), 1-f4(x)])lxeX}, and the grade of membership u4(x) of x. In the
third dimension, a corresponding second membership function my4(x, p4(x)) maps the grade of
membership of the elements in the interval [0, 74(x)], [£4(x), 1=f4(x)] and [1—f(x), 1] respectively. The
value my(x, p4(x)) is a random value from the interval [0, 1]. It means that the second membership
function m(x, t4(x)) indicates to what degree of support an element in its respective interval falls under
“the concept x is true”. If an element has a grade of second membership function m4(x, p4(x)) equal to 1,
this reflects a complete fitness between the element and “the concept x is true”; if an element has a grade
of support membership function m,(x, p(x)) equal to 0, then the element does not belong to that “the
concept x is true”.
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VA

mA(X, f4(x))
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Fig. 1. Distribution of secondary membership function of vague value

For the elements z,(x) in the interval [0, z,(x)], the property of “being true” is completely satisfied. For

the element g4(x) between z,(x) and (1—f4(x)), the property of “being true” is partially satisfied. The
second membership value of each element in the interval [z4(x), 1—f4(x)] can be read as follows: the
second membership function m4(x, t4(x)) takes numerical values “Equal to 1 and is continuous and
strictly decreasing to 0 as the s,(x) value increases between #4(x) and (1—f4(x))”. Therefore, the support
membership function m,(x, 4(x)) are plausibly to be strictly decreasing on the interval [z,(x), 1-£(x)].
Using this function, the second membership value m,(x, 14(x)) on the interval [#4(x), 1—f4(x)] is linearly
mapped to a value in range [1, 0]. For each element z4(x) in the interval [1—£;(x), 1], the element does not
belong to that “the concept x is true” and the element has a grade of support membership function m4(x,
14(x)) equal to 0.
Definition 4: Lin’s new score function. If X is a collection of objects denoted generically by x, then 4 is
defined to be a vague set of the universe of discourse X, written as A={(x, [£4(x), 1-f«(x)])|xeX}. The
vague value [74(x), 1-f4(x)] indicates that the exact grade of membership 4(x) of x may be unknown but
it is bounded by #,(x)<t4(x)<1—f4(x). Therefore, the vague set 4 and its secondary membership function
can be presented as m4(x, 14(x)). This implies that the value of the primary membership of x, u4(x), is also
referred to as the secondary domain of the secondary membership function m4(x, t14(x)). In this case, X is
referred to as the primary domain; U is referred to as the secondary domain, as well as the value of the
primary membership of x; V,(x) is referred to as the secondary membership value of x. As shown in Fig.
1, p4(x) of [0, 1] is the primary membership function, whose primary domain is the universe of discourse
X; my(x, us(x)) of [0, 1] is the secondary membership function, whose secondary domain is the vague
value U.

The secondary membership value corresponding to each primary membership value in its respective
interval can be represented as follows:

0 for < zy(x)< 4(x),
m(x, p4(x)) Z{(l—ﬁt(X)—ﬂA(X))/(l—fA(X)—fA(X)), for ,(x)<p4(x)<1-fu(x),
0, for 1-£4(x)<p4(x) <1,

where m4(x, 14(x)): X % [0,1]—[0,1].

By above definition, the primary membership function u4(x) and the secondary membership
distribution m,(x, 4(x)) define a rectangular fuzzy number RFN and a right triangular fuzzy number TFN,
which are both “normal” and “convex”. Each data object in the interval [0, z4(x)] and its secondary
membership distribution define a rectangular fuzzy number denoted as RFN(0, #4(x)). Each data object in
the interval [z4(x), 1—f4(x)] or [£4(x), t*4(x)] is characterized by its degree of secondary membership
function m4(x, w4(x)), linearly decreasing from 1 to 0. The data object and its secondary membership
distribution defines a right triangular fuzzy number denoted as TFN(z4(x), Z4(x), 1—f4(x)). For the
elements in the interval [1—f;(x), 1], the secondary membership distribution mz,(x, t14(x)) is equal zero.

Each data object in the intervals [0, 74(x)], [#4(x), 1=f4(x)] and [1—f4(x), 1] is characterized by its
respective membership function distribution. By adding up the areas under the curves of their respective
subintervals, the numerical score of the vague value can be derived. Thus the following score function
can be used to transform vague value V,(x) into numerical score:

SL(Va(x)) = 240e)x 1+ (1= fa(0)=14()) <172+ (1=(1=£(x))) < 0= £,4(x)/ 2+ (140 2=(t4(x) 24 (x))/2. - (1)

For example, at x, the primary membership values in the interval [0, #,(x)] is [0, 0.5], [£4(x), 1-f4(x)] is
[0.5, 0.85] and [1—f4(x),1] is [0.85, 1] respectively. As shown in Fig. 2, the primary membership function
t4(x) and the secondary membership function my(x, i4(x)) define a rectangular fuzzy number RFN(O,
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t4(x)) =RFN(0,0.5) and a right triangular fuzzy number TFN(#(x), #4(x),1—f4(x))=TFN(0.5,0.5,0.85). By
using the authors’ new score function in (Eq. 1), the numerical score of the vague value S;(V4(x)) can be
transformed as:

Su(V(x)) = (0.5 + 0.85)/2 =0.675 .

\ L4(x) R

0 0.5 085 1 U

my(x, g (x))
1

Fig. 2. Membership function of a vague value V(x) = [£4(x), 1—fu(x)]

5 Vague Set Based Multi-Criteria Group Decision Making Method

The single point-based membership value of fuzzy set tells us nothing about its accuracy. By using
interval-based membership, instead of using point-based membership in fuzzy set, vague set has more
powerful ability in dealing with uncertain and imprecise judgments of decision makers than fuzzy set has.
In this study, the author proposed an easily understandable and reasonable vague set based multi-criteria
decision-making method for making selection or ranking alternatives. A stepwise depicted algorithm of
the multi-criteria group decision making method is described in the following steps.

Step 1: Conducting Vague Values Solicitation

Consider a multi-criteria group decision-making problem with a set of m alternatives 4; (i=1,..., m), a set
of n criteria C; (j=1,..., n) and a panel of p decision makers D; (k=1,..., p). The polling method
introduced in Section 3 can be used to precisely and efficiently solicit importance and performance vague
values. For every decision maker, the assessed rating value to the criterion is represented by allocating
100 points to different True-Abstention-False votes, or Yes-Abstention-No votes. The allocated points on
a specific vote reflect the degree of intensity that the decision maker would like to assert the proposition
with respect to the vote. For soliciting performance ratmgs on criterion C; for alternative A4;, if N',; is the
total number of points allocated on one specific vote for “agree on performance rating”, M,, is the total
number of points allocated on one specific vote for “disagree on performance rating”, and N is the total
number of points allocated on one specific vote for “undecided performance rating”, then #,;=N';/N,, i
wa [Ny, 7i;=N",;;/N,;;can be derived, where N,; ]\7’,,]+N”,,j + N
The solicited performance rating on criterion C; for alternative 4, can be expressed as r;= [t,;5, 1=/,;],
where r; is the rating of the alternative 4, to the criterion C;. Then the performance of 4; can be
characterized by the vague set shown as following criterion-rating vector: R={(C\, ri1), (Cs, rn),...,(C,,
Fin)}= {(Cl, [ti1, 1=F0i1])s (Co, [trins 1S v2))s- - (Cons [Brins 1 rin]) }- Let 1=fr= ¢ *,,j, then r;; can be rewritten as
ri= [t t r,j] and the group performance rating R; can be rewritten as following criterion-rating vector: R;
{rl/} {(Cla [trzlz rzl] (CZ, [th, r12]) (Cm [trm: lm])) As eXPressed in Table 2 R= (rt/)an - ([trlja
”J])mxn (i= ,m;j =1,..., n)is called as a vague set based group rating matrix.

Table 2. Vague set based group decision matrix

C, C. C,

w [tw]’ wl] [lnp w_]] [twm wn]
AI [tlll) rll] [trlja rlj] [trlm *rln]
AZ [tr21 H r21] ce [tr2]7 }"2]] cee [ter r2n]
L L L L

Ai [trila 4 ril] e [ rij, rl/] [ vins rm]
L 1L 1 _L

AW! [trmla 4 le] ) [trmp i rml] [trmn t rmn
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Similarly, for soliciting importance weightings on criterion Cj, if N',; is the total number of points
allocated on one specific criterion for “agree on importance weighting”, NfW- is the total number of points
allocated on one specific criterion for “disagree on importance weighting”, and N, is the total number of
points allocated on one specific criterion for “undecided on importance weighting”, then #,=N',;/N,, f,,/=
N, IN;, m;=N',; /N,; can also be derlved The solicited importance weighting on criterion C; can be
expressed by a vague value w,;=[t,,, 1= f,].

Then the importance of each alternatlve A; can be characterized by the vague set shown as following
criterion-weighting vector: W —{(Cl, 1), (Cyy, @2),....(Cpy @)}={(Cy, [tw1, 1=f01]), (Coy [twa, 1=f
w2))s o o(Cos [tums 1=£wn))}. Let 1= f,= 1, then w; can be rewritten as w; =[#,,, tw] and the importance
We1ght1ng W can be rewritten as following criterion- welghtlng vector: W={w;} ={(C\, [t,1, ! "ot (Cs, [tas

2D (Coy [fms € wn])]- As shown in Table 2, W = {w;} (7=1,..., n) is called as a vague set based group
weighting vector.

Step 2: Performing Weighted Aggregation on Vague Values

Suppose that there is a decision making group who wants to evaluate a set of alternatives which satisfies
the criteria Cy, C,,..., and C, or which satisfies the criteria C;. This decision making group’s requirement
is represented by the following expression: C; AND C, AND,..., AND C, OR C,.

Assume that the performance rating r; of alternative 4; against C; have been solicited and represented
by the following rating Vector expressgd as vague values: R;={ris, rn,....tin} ={[ti1, 1= Frit [t L Friz )+ - o[ Erins
1 ﬁm]} { rils rz]] [/12; riZ]a---a[trln, t rin]}-

Assume that the importance weightings against C; (j=1,...,n) have been solicited and represented by
the following weighting vector expressed as vague values:

W={(w1, ws,....0,)
_{[twlal ﬁvl] [tw271 ﬁv2] [t\vgal_ﬁvn]}

={[twist il [ty £ 2l [zwn, -

By using intersection operation and union operation of vague sets (Definition.2 and 3), the weighted
aggregation on vague ratings that the alternative A; satisfies and does not satisfy the decision-making
group’s requirement can be determined to obtain a weighted aggregated vague value. The weighted
aggregated vague value can be obtained by using following weighted aggregation function W(E(4,)):

W(E(A)) = Vai
[tl‘lla nl] A [twla wl] \% [tr12> r12] A [tw2> w2] V V*[tnp t l’lj] A [twp W_]] [ rins nn] A [twna wn] \% [tns; rls]
[(trll N tWl) v (tr12 N tWZ) V..V (trln/\ twn) (t il A t wl) Vv (t r12 At W2) V..V (t rin A\ t Wl’l)] . .
= [max(min(ts1, tw1), min(tp, wz),- «oomin(tin, twn), tris), max(mln(t il Wl), mln(t 125 wz),- . .,mln(t rin, £ wn))s € ris]]

=[t, t'i], @)

where A denotes the minimum operator and v stands for maximum operator of the vague values.

By using the weighted aggregation function (Eq. 2), weighted aggregated vague value for each
alternative can be derived by multiplying the vague weighting vector with vague rating vector. The
weighted aggregated vague value is also a vague value.

Step 3: Performing Score Transformation on Vague Values

In vague set based MCGDM method, a score function is a widely used approach to transform vague
values into comparable crisp values. However, several deficiencies remain evident when using these
vague based score functions for ranking the vague values to handle multi-criteria decision-making
problems. Thus, a new score function is required to measure the degree of suitability of each alternative,
with respect to a set of criteria characterized by vague values. By applying the new score function (Eq.1),
the weighted aggregated vague values of alternative 4, (i=1,...,m) derived in Sect. 5 can be transformed
into comparable crisp scores S(V;) (i=1,...,m). The greater the score of S(V;), the higher the degree of
appropriateness that the alternative 4; satisfies some given criteria.
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Step 4: Ranking or Selecting Alternatives

By comparing the transformed scores S(V4,)(i=1,..., m), the ranking order of alternatives can be obtained.
The larger score denotes the better alternative. The alternative with the largest score is selected as the
best alternative.

6 Numerical Case Study

6.1 Implementation of the Case Study

Following the algorithm described in the proposed MCGDM method, a case study was conducted to
evaluate the ranking order of three software products that satisfy a set of six main quality characteristics
as well as to demonstrate the efficiency and rationality of the proposed MCGDM method. For the
MCGDM problem, let D={D,}, k=1,..., p, be a panel of five decision makers, A={4;},i =1,...,3, be a set
of three software products (alternatives), and C ={C;}, j=1,...,6, be a set of six characteristics (criteria).
The set of software quality characteristics includes: (C;) Functionality, (C;) Reliability, (C;) Usability,
(Cy) Efficiency, (Cs) Maintainability, and (Ce) Portability.

In the first step, by using the polling method for conducting vague values solicitation, the group
importance weighting values of the decision criteria and the group performance rating values with respect
to above criteria are solicited and interpreted by answering the following fuzzy sentences:

Yes Abstention No
Do you agree that the quality performance of the software product 4; with
respect to the criterion C;is good? ) () ()
Do you agree that the criterion C; of the software product 4, is important? () () ()

As shown in Table 3, the solicited vague values for the multi-criteria group decision-making problem
can be expressed by a vague value based group decision matrix: R =(7)umx»= ([t t*,,-j])mxn (i=1,...,mj

*

=l1,..., n) and a vague value based group weighting vector: W ={w;} ={[t.;, t .;]} (G =1,...,n)} .

Table 3. Solicited vague values for group decision matrix

C, C, & C, Cs Cs
W [0.6,0.7] [0.7, 0.8] [0.8, 0.9] [0.6, 0.8] [0.7, 0.8] [0.6, 0.7]
4, [0.5,0.8] [0.5, 0.7] [0.5, 0.7] [0.5, 0.6] [0.5, 0.8] [0.5, 0.9]
4, [0.8,0.9] [0.6, 0.9] [0.6, 0.9] [0.7, 0.8] [0.8, 0.9] [0.4, 0.6]
A, [0.5,0.8] [0.5, 0.9] [0.5, 0.9] [0.5, 0.9] [0.5, 0.8] [0.5, 0.7]

In the second step, by applying the proposed weighted aggregation function (Eq. 2), the weighting
values and performance rating values of alternatives with respect to the criteria can be aggregated into
following weighted aggregated vague values of alternatives:

Al A2 A3
W(E(A) = V= [0.5, 0.8], [0.7, 0.9], [0.5, 0.9]|.

In the third step, by using the new score function (Eq. 1), the aggregated vague values of alternatives
V4 can be transformed into following comparable scores, by which the ranking of all the given
alternatives can be found.

S:(Vap) = (0.5+0.8)/2 = 0.65,
S:(V2) = (0.7+0.9)/2 = 0.80,
Sy (Va3) = (0.5+0.9)/2 = 0.70.

Consequently, the ranking order of the three software products is given as follows: 4, > 45 > 4;.
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6.2 Findings and Implications of the Case Study

An efficient and rational MCGDM method was proposed in this study to handle situations where several
decision makers are involved in the vague and uncertain decision making processes. The vague set based
MCGDM method is considered to be an umbrella under which a collective vague value solicitation and
aggregation method as well as a numerical transformation method are included. Following the algorithm
described in the proposed MCGDM method, a new efficient polling method can contribute to solicit
group importance vague values and group performance vague values of alternatives. Besides, the
solicited importance and performance vague values are aggregated by using a weighted aggregation
function. Furthermore, a new score function was proposed to transform the aggregated vague values of
alternatives into comparable numerical scores.

To the author’s knowledge, the comprehensive MCGDM method which includes collective vague
value solicitation, aggregation and numerical transformation method for decision making is still lacking
in the literature. Thus, one-to-one comparisons among the proposed MCGDM method and the relative
works are difficult to make. However, the resultant ranking order of the proposed MCGDM method can
be compared with the resultant ranking order using existing score functions and decision making methods.
In other words, the ranking order derived in the previous section can be compared with the ranking orders
derived as mentioned below to demonstrate its efficiency and rationality, which is explained as follows:

The previously mentioned aggregated vague values of alternatives can be transformed into following
comparable scores by using Chen and Tan’s decision making method and score function ScA(Vy,) [22],
Hong and Choi’s decision making method and score function Syc(V4;) [4], Xu’s decision making method
and score function Sy(Vy,) [29] as well as Zhang and Xu’s decision making method and score function Szy
(Vi) [27], respectively:

Scrf(Va) = (tai—fa) = (0.5-0.2) =0.3,
Ser(Vaz) = (t2—fa2) = (0.7-0.1) =0.6,
Scr(Vz) = (ti—f13)=(0.5-0.1) =0.4,

Suc(Van) = (Latfar) = (0.5+0.2) =0.7,
Suc(Vp) = (tptfp) = (0.7+ 0.1) =0.8,
SHC(VA3) = (tA3+f43) = (05 +01) :0.6,

Sx(Var) = (tn—fan) = (0.5-0.2) = 0.3,
Sx(Va2) = (trfa2) = (0.7-0.1) = 0.6,
Sx(Vas) = (t5~f13) = (0.5-0.1) = 0.4,

Szx(Var) = (ta1—fa1) = (0.5-0.2) = 0.3,
Sz(Vaa) = (tir—f12) = (0.7-0.1) = 0.6,
SZ)(( VA3) = (tA3_f43) = (05_01) =04.

Table 4 summarizes the comparison results of the ranking orders of the three software products
derived from existing decision making method and famous score functions and from proposed new score
function. The best selection made by the proposed method is identical with the other four existing famous
score functions. Except the result of the ranking order derived from Hong and Choi’s score function
Suc(V4i), the proposed score function obtains the same rank as the other existing famous score functions.

Table 4. Score functions and ranking orders

Score function Ranking order
Chen and Tan’s score function Scr(Vy,) [22] Ay Az > A,
Hong and Choi’s score function Syc(Vy;) [4] Ay = Ay > As
Xu’s order relation score function Sy(V;) [29] A= Az A,
Zhang and Xu’s score function Szy (V) [27] Ay Az A,
Proposed score function in this study, S;(Vy,) Ay = Ay >~ A,

Nevertheless, the ranking order derived from Hong and Choi’s score function Spc(Vy) is not
reasonable if explained in voting model. In terms of Hong and Choi’s score function Suc(Vy), the
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alternative A, with aggregated vague value V= [0.5, 0.8] is better than the alternative 4; with weighted
aggregated vague value V3 = [0.5, 0.9]. The alternative 4, has 5 votes in favor and 2 votes against it.
Alternative 45 has 5 votes in favor and 1 vote against it. Most rational person should choose the
alternative A3 as the better choice, which is conflict with the result drawn by Hong and Choi’s score
function. That is to say that Hong and Choi’s score function applied in this example is inadequate. It is
observed that the best alternative is 4, and the ranking order derived by the proposed score function is
consistent with the ranking orders derived by other score functions.

The calculation procedure and the comparison results of the case study suggest that the proposed
MCGDM method is efficient and rational. The proposed method can not only contribute an easily
understandable and computationally simple polling method to decision makers for efficiently soliciting
vague values, but it can also contribute a sound theoretical and reasonable score function for rationally
transforming aggregated vague values into comparable numerical scores.

7 Conclusions

In the subjective and uncertain decision making processes, an efficient and rational MCGDM method
was proposed to group decision makers, who are from different domains or interested parties for making
selection or ranking alternatives. The vague set based MCGDM method is considered to be an umbrella
under which the collective vague value solicitation method, the aggregation method, and the numerical
transformation method are included. A numerical case study was conducted to demonstrate the main
contributions of this study. More specifically, the proposed MCGDM method can contribute to solving
the following research questions:

(1) The research proposed an algorithm for a vague set based MCGDM method, which is easily
understandable and simple computation under vague and uncertain environment.

(2) The polling method can contribute to soliciting group importance vague values and group
performance vague values of alternative.

(3) The solicited vague values can be aggregated into integrated vague values of alternatives.

(4) The aggregated vague values can be transformed into comparable numerical scores for decision
making.

Future research efforts are likely to proceed in several directions. Firstly, the proposed MCGDM
method should be applied for conducting more empirical studies in business or industry fields. Secondly,
a further study could also be carried out to extend the proposed MCGDM method for aggregating
decision makers’ judgments presented as values of other extensions of fuzzy set.
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